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We established a physically utilizable Bell inequality based on the Peres-Horodecki criterion. The
new quadratic probabilistic Bell inequality naturally provides us a necessary and sufficient way to
test all entangled two-qubit or qubit-qutrit states including the Werner states and the maximally
entangled mixed states.
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One of the most striking features for quantum mechan-
ics that differs from classical theory is the entanglement
or the nonlocality. Arising from the EPR paradox [1], the
local hidden variable theory (LHVT) was exploited by
Bell and led to the appearance of Bell inequality [2]. The
importance of the Bell inequality is not extravagance.
It is at the heart of the study of quantum nonlocality,
and makes it possible for the first time to distinguish ex-
perimentally between a local hidden variable model and
quantum mechanics. The original Bell inequality is not
suitable for realistic experimental verification. Later on,
the Clauser-Horne-Shimony-Holt (CHSH) inequality [3]
was formulated, and it was a more amenable version for
experimental tests and studied the correlations between
two maximally entangled spin-1/2 particles.
For decades, quantum nonlocality has been tightly re-
lated to the foundations of quantum mechanics, particu-
larly to quantum inseparability and the violation of Bell
inequalities. Violation of Bell inequalities not only tells
us something fundamental about Nature but also has
practical applications. For instances, as implied by Ekert
the eavesdropping in the quantum cryptography commu-
nication can be detected by checking the CHSH inequal-
ity [4]; also Barrett et al. have described that testing
particular nonlocal quantum correlations allows two par-
ties to distribute a secret key securely, the security of the
scheme stems from violation of a Bell inequality and in
such a way that the security is guaranteed by the non-
signaling principle alone [5].
Despite more than four decades of active research and
a vast number of publications on the fascinating subject
of Bell inequality, there are still many questions that re-
main open. The CHSH inequality simply but effectively
illustrates the distinct nonlocal correlation character of
quantum world. Any entangled two-qubit pure state can
always be detected by the CHSH inequality via its viola-
tion [6]. However, in the real world some states appear in
pure forms but more in mixed-state forms. In particular,
for a class of Werner states [7] which are used to depict
the effect of noises, there exists a range where the CHSH
inequality becomes blind [8, 9]. Very recently in a signif-
icant Festschrift in honor of Abner Shimony, Gisin has
reviewed some of the many open questions about Bell in-
equalities [10]. Fifteen open fundamental questions have
been listed, among which the third one is whether we can
find an inequality that is more efficient than the CHSH
inequality for testing the Werner states. Or more gen-
erally, one may ask: Is there a universal Bell inequality,
which is violated by all of the entangled two-qubit states
including the Werner states? Such a question seems to
be some puzzling for when referring to Bell inequality it
often concerns about the obeisance of LHVT or the vio-
lation of quantum theory, rather than the inseparability
of physical states. Yet, the increasing importance of the
nonlocal correlation characters in the Quantum Informa-
tion and Communication revolution has led us to extend
the Bell inequality and test the inseparability as well;
namely, it is necessary to generalize the original spirit of
Bell inequality for distinguishing LHVT from quantum
theory to a new problem of distinguishing all separable
states from all inseparable ones.
In this Letter we show that there exists such an efficient
Bell inequality to ameliorate the above situation, and it
originates naturally from the pioneer works of Peres and
Horodecki family. A decade ago a sufficient and neces-
sary criterion for detecting quantum inseparability in a
two-qubit or qubit-qutrit system was presented mathe-
matically by Peres [11] and the Horodecki family [12],
nowadays known as the Peres-Horodecki criterion of pos-
itivity under partial transpose (PH criterion or PPT cri-
terion). In 2003, Yu et al. made a remarkable progress
that they established a three-setting Bell-type inequality
from the viewpoint of indeterminacy relation of comple-
mentary local orthogonal observables, and proved that
such an inequality had the advantage of being a suf-
ficient and necessary criterion of separability with the
help of PH criterion [13]. Since it is not easy to operate
physically the partial transpose to a subsystem, in the
Letter we transform the PH criterion into an equivalent
physically utilizable Bell-inequality form, and the new
established quadratic probabilistic Bell inequality natu-
rally provides us a necessary and sufficient way to test all
entangled two-qubit or qubit-qutrit states including the
Werner states.
2Let us firstly analyze the paramount CHSH inequality
from the viewpoint of the projective measurements, and
then turn to our main result. The CHSH inequality reads
ICHSH = 〈A1B1〉ρ + 〈A1B2〉ρ + 〈A2B1〉ρ − 〈A2B2〉ρ
≤ 2, (1)
where 〈AiBj〉ρ ≡ Qij = Tr[ρ (aˆi · ~σA)(bˆj · ~σB)] known
as the so-called correlation functions, ρ is the two-qubit
state shared by A and B, ~σ is the Pauli matrix vec-
tor, aˆ1 and aˆ2 are the unit vectors for the first and
the second measurements performed to the subsystem
A respectively and so do bˆ1 and bˆ2 for the subsystem B.
According to the measurement language, the correlation
functions can be expressed in terms of joint probabili-
ties as 〈AiBj〉ρ =
∑1
m=0
∑1
n=0(−1)m+nP (Ai = m,Bj =
n), with the joint probability P (Ai = m,Bj = n) =
Tr[ρ Pˆ(Ai = m)⊗Pˆ(Bj = n)], and the projector Pˆ(Ai =
m) = 1
2
[1 + (−1)m aˆi · ~σA]. Thus all relevant polariza-
tion vectors {aˆ1,−aˆ1, aˆ2,−aˆ2} and {bˆ1,−bˆ1, bˆ2,−bˆ2} in
the Bloch spheres of each subsystem always locate on
the same plane embraced by a great circle [see Fig. 1(a)]
so that such projective measurements cannot acquire any
information outside the plane. This may be the reason
of the invalidation of the CHSH inequality for the whole
mixed states.
To overcome this flaw, we adopt Positive Operator-
Valued Measure (POVM). An operator Em is a POVM
element if it is a positive operator satisfying
∑
mEm = 1
and then the complete set {Em} form a POVM [7, 14].
Gisin and Popescu have conjectured that more informa-
tion is extractable if one adopts a special class of vec-
tors, such as (0, 0, 1), (
√
8, 0,−1)/3, (−√2,√2,−1)/3,
(−√2,−√2,−1)/3, which occupy the four vertices of a
regular tetrahedron inscribed in the three-dimensional
Bloch sphere [15]. One may observe that these four unit
vectors sum up to zero, thus it allows us to introduce the
following POVM operators:
F˜Ai = UF
A
i U
†, F˜Bi = V F
B
i V
†,
FAi = (1 + nˆ
A
i · ~σA)/4, FBi = (1 + nˆBi · ~σB)/4,(2)
where U and V are the general SU(2) transformations
for subsystems A and B respectively, and for simplicity,
the four unit vectors nˆi [see Fig. 1(b)] that form a tetra-
hedron are chosen as
nˆ1 = (1, 1, 1)/
√
3, nˆ2 = (1,−1,−1)/
√
3,
nˆ3 = (−1, 1,−1)/
√
3, nˆ4 = (−1,−1, 1)/
√
3. (3)
By the way, such a POVM realization has been applica-
ble successfully as a minimal measurement scheme for a
single-qubit tomography [16].
Accordingly, the sixteen elements F˜Ai ⊗ F˜Bj form a
POVM for the composite A-B system and 〈F˜Ai F˜Bj 〉ρ =
Tr[ρ F˜Ai ⊗ F˜Bj ] ≡ PABij denotes the joint probability of
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FIG. 1: (Color online) (a) In the Bloch sphere of a single
qubit, the four polarized unit vectors {aˆ1,−aˆ1, aˆ2,−aˆ2} or
{bˆ1,−bˆ1, bˆ2,−bˆ2} employed in the projective measurements
of the CHSH-inequality lie on the plane embraced by a great
circle; (b) the four unit vectors {nˆi} employed in the POVM
measurements of the PH-inequality uniformly lie on the Bloch
sphere and their endpoints occupy exactly the four vertices of
a regular tetrahedron. (Note: nˆAi and nˆ
B
j have been rotated
by U and V respectively in the figure.)
the joint measurement F˜Ai ⊗ F˜Bj on the state ρ. These
sixteen joint probabilities sum up to one and will be used
to construct a Bell inequality subsequently. Our main re-
sult is the following Theorem.
Theorem: The Peres-Horodecki criterion for qubit-
qubit system is equivalent to the following quadratic Bell-
type inequality:
IPH = Y
2
1 + Y
2
2 − Y 23 ≤ 0, (4)
where Yi’s are linear combinations of the sixteen joint
probabilities PABij , and IPH denotes Bell inequality in-
duced from the PH criterion, alternatively one may call
it the PH inequality.
Proof. First we write an arbitrary projector for AB
system into the form PˆAB = (U ⊗ V )|Φ〉〈Φ|(U ⊗ V )†,
where
|Φ〉 = sin ξ|0〉A ⊗ |0〉B + cos ξ|1〉A ⊗ |1〉B, (5)
is a two-qubit pure state in the Schmidt decomposition
form, the unitary transformations U and V act on the
parties A and B respectively, the angle ξ is related to
the Schmidt coefficient, and |0〉 = (1, 0)T , |1〉 = (0, 1)T
are the standard spin-1/2 bases.
Let ρ be the state shared by A and B. The nonnega-
tivity of the density matrix ρ requires that
Tr(ρ PˆAB) = Tr[ρ (U ⊗ V )|Φ〉〈Φ|(U ⊗ V )†] ≥ 0. (6)
On the other hand, the PH criterion states that ρ
is separable if and only if its partial transpose ρTB
is nonnegative, i.e., Tr(ρTB PˆAB) ≥ 0, or more gen-
erally Tr[ρTB (UA ⊗ UB)PˆAB(UA ⊗ UB)†] ≥ 0.
By using Tr[ρTB (UA ⊗ UB)PˆAB(UA ⊗ UB)†] =
Tr[ρ [(UA ⊗ UB)PˆAB(UA ⊗ UB)†]TB ] = Tr[ρ (UAU ⊗
(UBV )†TB )(|Φ〉〈Φ|)TB ((UAU)†⊗ (UBV )TB )], and select-
ing UA = I, UB = (V V TB )†, one arrives at an equivalent
3expression for the PH criterion as
Tr[ρ (U ⊗ V )(|Φ〉〈Φ|)TB (U ⊗ V )†] ≥ 0. (7)
We now combine Eqs. (6) and (7) together to build
the quadratic Bell inequality. With the help of |0〉S〈0| =
1/2 +
√
3(FS1 + F
S
4 − FS2 − FS3 )/2, |0〉S〈1| =
√
3[(1 +
i)(FS1 − FS4 ) + (1− i)(FS2 − FS3 )]/2, |1〉S〈1| = 1− |0〉〈0|,
|1〉S〈0| = (|0〉〈1|)†, where S = A,B, we may expand
|Φ〉〈Φ| in terms of POVM operators as
|Φ〉〈Φ| = (sin 2ξ Xˆ1 − cos 2ξ Xˆ2 + Xˆ3)/4, (8)
where Xˆ1 = 2(|0〉A〈1| ⊗ |0〉B〈1| + |1〉A〈0| ⊗ |1〉B〈0|) =
6(FA1 F
B
2 +F
A
2 F
B
1 +F
A
3 F
B
4 +F
A
4 F
B
3 −FA1 FB3 −FA3 FB1 −
FA2 F
B
4 − FA4 FB2 ), Xˆ2 = 2(|0〉A〈0| ⊗ |0〉B〈0| − |1〉A〈1| ⊗
|1〉B〈1|) =
√
3(FA1 + F
A
4 − FA2 − FA3 + FB1 + FB4 −FB2 −
FB3 ), Xˆ3 = 2(|0〉A〈0| ⊗ |0〉B〈0| + |1〉A〈1| ⊗ |1〉B〈1|) =
1+3(FA1 F
B
1 +F
A
2 F
B
2 +F
A
3 F
B
3 +F
A
4 F
B
4 +F
A
1 F
B
4 +F
A
4 F
B
1 +
FA2 F
B
3 + F
A
3 F
B
2 − FA1 FB2 − FA2 FB1 − FA1 FB3 − FA3 FB1 −
FA2 F
B
4 − FA4 FB2 − FA3 FB4 − FA4 FB3 ). Similarly, we have
(|Φ〉〈Φ|)TB = (sin 2ξ Yˆ1 − cos 2ξ Yˆ2 + Yˆ3)/4, with Yˆi =
XˆTBi . Due to (F
B
1 )
TB = 1/2− FB3 , (FB2 )TB = 1/2− FB4 ,
(FB3 )
TB = 1/2−FB1 , (FB4 )TB = 1/2−FB2 , one may easily
have Yˆ1 = Xˆ
TB
1 = 6(F
A
1 F
B
1 +F
A
2 F
B
2 +F
A
3 F
B
3 +F
A
4 F
B
4 −
FA1 F
B
4 −FA4 FB1 −FA2 FB3 −FA3 FB2 ), Yˆ2 = XˆTB2 = Xˆ2 and
Yˆ3 = Xˆ
TB
3 = Xˆ3.
Substituting Eq. (8) into Eq. (6), and using sin 2ξ =
2t/(1 + t2), cos 2ξ = (1− t2)/(1 + t2) with t = tan ξ, one
then gets an algebraic quadratic inequality with respect
to t as
(X2 +X3) t
2 + 2X1 t+ (X3 −X2) ≥ 0,
where Xi = Tr[ρ (U ⊗ V )Xˆi(U ⊗ V )†]; since it is valid
for any t, thus the coefficient of t2 must be nonnegative,
namely the nonnegativity of the density matrix ρ ensures
that X2 + X3 ≥ 0. Similarly, Eq. (7) yields a t2 +
b t + c ≥ 0, where a = Y2 + Y3, b = 2Y1, c = Y3 − Y2,
and Yi = Tr[ρ (U ⊗ V )Yˆi(U ⊗ V )†] can be expressed in
terms of the joint probabilities PABij as: Y1 = 6(P
AB
11 +
PAB22 + P
AB
33 + P
AB
44 − PAB14 − PAB41 − PAB23 − PAB32 ), Y2 =√
3(PA1 +P
A
4 −PA2 +PA3 +PB1 +PB4 −PB2 +PB3 ), Y3 = 1+
3(PAB11 +P
AB
22 +P
AB
33 +P
AB
44 +P
AB
14 +P
AB
41 +P
AB
23 +P
AB
32 −
PAB12 −PAB21 −PAB13 −PAB31 −PAB24 −PAB42 −PAB34 −PAB43 ),
here the single probabilities satisfy PAi =
∑
j P
AB
ij and
PBj =
∑
i P
AB
ij . The PH criterion demands the quadratic
inequality a t2 + b t + c ≥ 0 holds for all t, so one must
have (i) a ≥ 0 and (ii) b2−4ac ≥ 0. The first condition is
automatically satisfied because a = Y2 + Y3 = X2 +X3,
while the second condition leads to the needed quadratic
Bell inequality as shown in (4). This ends the proof.
The PH inequality naturally provides us a necessary
and sufficient way to test all entangled two-qubit states.
To see this point clearly we would like to provide two
explicit examples as follows.
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FIG. 2: (Color online) The maximal violation of the PH in-
equality IPH for the general Werner state has been plotted.
Specifically, the curves for both the maximal violation of the
usual Werner state IPH(pi/4, α) and the boundary of sparable
states IPH(θ, α) = 0 [ i.e., (1+ 2| sin 2θ|)α− 1 = 0] have been
marked out (see the blue lines).
Example 1: The Werner State. The general two-qubit
Werner state reads
ρGW = α|ψ(θ)〉〈ψ(θ)| + (1− α)11/4, (9)
where |ψ(θ)〉 = cos θ|00〉 + sin θ|11〉, 11 is a 4 × 4 unit
matrix, α ∈ [0, 1], and θ ∈ [0, π]. When the parameter
θ = π/4 it reduces to the usual Werner state ρW , and
when the parameter α = 1 it reduces to the pure state
|ψ(θ)〉. It is well known that the state ρW is separa-
ble if α ≤ 1/3 and nonseparable if α > 1/3. However
the CHSH inequality can be violated only for the region
α ∈ (1/√2, 1], in other words, the Werner state ρW is
still entangled within the region α ∈ (1/3, 1/√2] but the
CHSH inequality fails to detect its inseparability. For the
general Werner state ρGW , we have the maximum of the
PH inequality as ImaxPH (θ, α) = [(1+2| sin 2θ|)α−1](1+α),
see Fig. 2. For pure states |ψ(θ)〉, one has ImaxPH (θ, α =
1) = 4| sin 2θ|. For θ = π/4, ImaxPH (θ = π/4, α) =
(3α− 1)(1+α), namely, the Werner state ρW is violated
for the whole nonseparable region of α ∈ (1/3, 1].
Example 2: The Maximally Entangled Mixed State.
This state was predicted by White et al. and had the
following explicit form [17]
ρm =


g(γ) 0 0 γ
2
0 1− 2g(γ) 0 0
0 0 0 0
γ
2
0 0 g(γ)

 , (10)
with g(γ) = γ/2 for 2/3 ≤ γ ≤ 1 and g(γ) = 1/3 for
0 ≤ γ < 2/3. The state is entangled for all nonzero γ
due to its concurrence [18] equals to γ. It is easy to verify
that the PH inequality for such states has its maximal
violation as ImaxPH (γ) = 4γ
2.
The above approach can be easily generalized to
a qubit-qutrit system and one still obtains the same
quadratic form of Bell inequality as in (4), because
4the projector PˆAB still shares the same form for arbi-
trary qubit-qutrit systems. The POVM for subsystem
A remains the same as shown in Eq. (2), while the
POVM for subsystem B is extended to F˜Bi = V F
B
i V
†,
(i = 1, 2, · · · , 9), where V is a general SU(3) transforma-
tion, FBi = (1/9)(1 +
√
3/2 vˆi · ~λ), ~λ = (λ1, λ2, · · · , λ8) is
the vector of SU(3) Gell-Mann matrices, the factor
√
3/2
is introduced to guarantee the nonnegativity, and the
nine unit vectors vˆi’s distribute uniformly in the eight-
dimensional Bloch space. Following the similar spirit as
in the proof, one may obtain the quadratic Bell inequal-
ity (4) for the qubit-qutrit system but with different Yi’s,
which are linear combinations of the 4 × 9 = 36 joint
probabilities PABij of the qubit-qutrit system.
It is worthy to mention that the CHSH inequality pos-
sesses two evident properties: (i) it is a two-setting in-
equality based on the standard Bell experiment. By a
standard Bell experiment, we mean one in which each
local observer is given a choice between two dichotomic
observables [19, 20, 21, 22]; (ii) it is a linear inequality. In
2002, two research teams independently developed Bell
inequalities for two high-dimensional systems: the first
one is a Clauser-Horne type (probability) inequality for
two qutrits [23]; and the second one is a CHSH type
(correlation) inequality to two arbitrary d-dimensional
systems [24], now known as the Collins-Gisin-Linden-
Massar-Popescu (CGLMP) inequalities. The CGLMP
inequality is a two-setting inequality by the virtue of
the standard Bell experiment with possible d-outcomes,
which includes the CHSH inequality as a special case.
The tightness of the CGLMP inequality has been demon-
strated in Ref. [25], therefore it is impossible to improve
the CHSH inequality to be a sufficient and necessary cri-
terion of separability within the framework of the stan-
dard Bell experiment. There are no physical reasons that
a Bell inequality must be linear. The PH inequality does
not inherit the above two properties and it is a quadratic
four-setting inequality.
In conclusion, we have established a physically utiliz-
able Bell inequality based on the Peres-Horodecki cri-
terion. The new quadratic probabilistic Bell inequality
naturally provides us a necessary and sufficient way to
test all entangled two-qubit or qubit-qutrit states includ-
ing the Werner states. The PH inequality is more ef-
ficient than the CHSH inequality. For the crucial role
of the CHSH inequality in the previous eavesdropping
detection in the Ekert’s quantum cryptography proto-
col, it is instructive to mention that the PH inequality
may provide a more robust approach for detecting the
eavesdropping particularly in the presence of noises. In
addition, if a Bell inequality is violated by any entangled
states, such a wisdom can be used to define the degree of
entanglement PE ; for two qubits, alternatively one may
define PE = Max{0, ImaxPH /4}, which is monotonic to the
concurrence [26].
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